Topological Quantum Field Theories (TQFTs) pertinent to some emergent low energy phenomena of condensed matter lattice models in 2+1 and 3+1 dimensions are explored. Many of our TQFTs are highly-interacting without free quadratic analogs. Some of our bosonic TQFTs can be regarded as the continuum field theory formulation of Dijkgraaf-Witten twisted discrete gauge theories. Other bosonic TQFTs beyond the Dijkgraaf-Witten description and all fermionic TQFTs (namely the spin TQFTs) are either higher-form gauge theories where particles must have strings attached, or fermionic discrete gauge theories obtained by gauging the fermionic Symmetry-Protected Topological states (SPTs). We analytically calculate both the Abelian and non-Abelian braiding statistics data of anyonic particle and string excitations in these theories, where the statistics data can one-to-one characterize the underlying topological orders of TQFTs. Namely, we derive path integral expectation values of links formed by line and surface operators in these TQFTs. The acquired link invariants include not only the familiar Aharonov-Bohm linking number, but also Milnor triple linking number in 3 dimensions, triple and quadruple linking numbers of surfaces, and intersection number of surfaces in 4 dimensions. We also construct new spin TQFTs with the corresponding knot/link invariants of Arf(-Brown-Kervaire), Sato-Levine and others. We propose a new relation between the fermionic SPT partition function and the Rokhlin invariant. As an example, we can use these invariants and other physical observables, including ground state degeneracy, reduced modular S xy and T xy matrices, and the partition function on RP 3 manifold, to identify all ν ∈ Z 8 classes of 2+1 dimensional gauged Z 2 -Ising-symmetric Z 
Introduction and Summary
In condensed matter physics, we aim to formulate a systematic framework within unified principles to understand many-body quantum systems and their underlying universal phenomena. Two strategies are often being used: classification and characterization. The classification aims to organize the distinct macroscopic states / phases / orders of quantum matter in terms of distinct classes, give these classes some proper mathematical labels, and find the mathematical relations between distinct classes. The characterization aims to distinguish different classes of matter in terms of some universal physics probes as incontrovertible experimental evidence of their existences. GinzburgLandau theory [1] [2] [3] provides a framework to understand the global-symmetry breaking states and their phase transitions. Ginzburg-Landau theory uses the group theory in mathematics to classify the states of matter through their global symmetry groups. Following Ginzburg-Landau theory and its refinement to the Wilson's renormalization-group theory [4] , it is now well-known that we can characterize symmetry breaking states through their gapless Nambu-Goldstone modes, the long-range order (see References therein [5] ), and their behaviors through the critical exponents. In this classic paradigm, physicists focus on looking into the long-range correlation function of local operators O(x) at a spacetime point x, or into a generic n-point correlation function:
through its long-distance behavior.
However, a new paradigm beyond-Ginzburg-Landau-Wilson's have emerged since the last three decades [6, 7] . One important theme is the emergent conformal symmetries and emergent gauge fields at the quantum critical points of the phase transitions. This concerns the critical behavior of gapless phases of matter where the energy gap closes to zero at the infinite system size limit. Another important theme is the intrinsic topological order [8] . The topological order cannot be detected through the local operator O(x), nor the Ginzburg-Landau symmetry breaking order parameter, nor the long-range order. Topological order is famous for harboring fractionalized anyon excitations that have the fractionalized statistical Berry phase [9] . Topological order should be characterized and detected through the extended or non-local operators. It should be classified through the quantum pattern of the long-range entanglement (See [10] for a recent review). Topological order can occur in both gapless or gapped phases of matter. In many cases, when topological orders occurr in the gapped phases of condensed matter system, they may have low energy effective field theory descriptions by Topological Quantum Field Theories (TQFTs) [11] . Our work mainly concerns gapped phases of matter with intrinsic topological order that have TQFT descriptions.
One simplest example of topological order in 2+1 dimensions (denoted as 2+1D 1 ) is called the Z 2 topological order [12] , equivalently the Z 2 spin liquid [13] , or the Z 2 toric code [14] , or the Z 2 discrete gauge theory [15] . Indeed the Z 2 topological order exists in any dimension, say in ((d − 1) + 1)D with d ≥ 3. Discrete Z N gauge theory can be described by an integer level-N BF field theory with an action m . The path integral (details examined in the warm up exercise done in Section 1 We denote n + 1 dimensional spacetime as n + 1D, with n dimensional space and 1 dimensional time.
2) for the correlator of the extended operators results in 
With some suitable e n and q m values, its expectation value is nontrivial (i.e. equal to 1), if and only if the linking number Lk(C 1 n , S d−2 m ) of the line and surface operator is nonzero. The closed line operator W A,en (C 1 n ) can be viewed as creating and then annihilating a pair of e n particle-antiparticle 0D anyon excitations along a 1D trajectory in the spacetime. The closed surface operator W B,qm (S d−2 m ) can be viewed as creating and then annihilating a pair of q m fractionalized flux-anti-flux (d − 3)D excitations along some trajectory in the spacetime (Note that the flux excitation is a 0D anyon particle in 2+1D, while it is a 1D anyonic string excitation in 3+1D). A nontrivial linking implies that there is a nontrivial braiding process between e n charge and q m flux excitation in the spacetime 2 . The link confugurations shown in terms of spacetime braiding process are listed in Table 1 . Physically, we can characterize the topological order through the statistical Berry phase between anyonic excitations, say exp[i 2π N e n q m ], via the nontrivial link invariant. Mathematically, the viewpoint is the opposite, the topological order, or TQFT, or here the BF theory detects the nontrivial link invariant. It shall be profound to utilize both viewpoints to explore the topological order in condensed matter, TQFT in field theories, and link invariants in mathematics. This thinking outlines the deep relations between quantum statistics and spacetime topology [16, 17] .
The goals of our paper are: (1) Provide concrete examples of topological orders and TQFTs that occur in emergent low energy phenomena in some well-defined fully-regularized many-body quantum systems. (2) Explicit exact analytic calculation of the braiding statistics and link invariants for our topological orders and TQFTs. For the sake of our convenience and for the universality of low energy physics, we shall approach our goal through TQFT, without worrying about a particular lattice-regularization or the lattice Hamiltonian. However, we emphasize again that all our TQFTs are low energy physics of some well-motivated lattice quantum Hamiltonian systems, and we certainly shall either provide or refer to the examples of such lattice models and condensed matter systems, cases by cases. To summarize, our TQFTs / topological orders shall satisfy the following physics properties:
1. The system is unitary.
2. Anomaly-free in its own dimensions. Emergent as the infrared low energy physics from fully-regularized microscopic many-body quantum Hamiltonian systems with a ultraviolet high-energy lattice cutoff. This motivates a practical purpose for condensed matter.
3. The energy spectrum has a finite energy gap ∆ in a closed manifold for the microscopic many-body quantum Hamiltonian systems. We shall take the large energy gap limit ∆ 1 to obtain a valid TQFT description. The system can have degenerate ground states (or called 2 Let us elaborate on what exactly is meant by this. Let L be a link in a closed space-time manifold M . The link L can be decomposed as some submanifolds, including lines or surfaces. The lines or surfaces become operators in TQFT that create anyonic excitations at their ends. For example, an open line creates the anyonic particle at two end points. An open surface creates the anyonic string at its boundary components. A closed line thus creates a pair of anyonic particle/anti-particle from vacuum, and then annihilate them to vacuum. The closed surface creates the anyonic strings from vacuum and then annihilate them to vacuum. Therefore the link L can be viewed as the time trajectory for the braiding process of those anyonic excitations, where braiding process means the time-dependent process (a local time as a tangent vector in a local patch of the whole manifold) that is moving those anyonic excitations around to form a closed trajectory as the link of submanifolds (lines, surfaces) in the spacetime manifold. The braiding statistics concerns the complex number that arise in the path integral with the configuration described above. The braiding statistics captures the statistical Berry phase of excitations of particle and string. We remark quantum dimensions of anyonic particles/strings in Sec. 9.
the zero modes) on a closed spatial manifold M d−1 . This can be evaluated as the path integral on the manifold GSD as the dimension of  Hilbert space, which counts the ground state degeneracy (GSD) . On an open manifold, the system has the lower dimensional boundary theory with anomalies. The anomalous boundary theory could be gapless.
4. The microscopic Hamiltonian contains the short-ranged local interactions between the spatial sites or links. The Hamiltonian operator is Hermitian. Both the TQFT and the Hamiltonian system are defined within the local Hilbert space.
5. The system has the long-range entanglement, and contains fractionalized anyonic particles, anyonic strings, or other extended object as excitations.
As said, the Z 2 topological order / gauge theory has both TQFT and lattice Hamiltonian descriptions [12] [13] [14] [15] . There are further large classes of topological orders, including the Z 2 toric code [14] , that can be described by a local short-range interacting Hamiltonian:
whereÂ v andB f are mutually commuting bosonic lattice operators acting on the vertex v and the face f of a triangulated/regularized space. With certain appropriate choices ofÂ v andB f , we can write down an exact solvable spatial-lattice model (e.g. see a systematic analysis in [18, 19] , and also similar models in [20] [21] [22] ) whose low energy physics yields the Dijkgraaf-Witten topological gauge theories [23] . Dijkgraaf-Witten topological gauge theories in d-dimensions are defined in terms of path integral on a spacetime lattice (d-dimensional manifold M d triangulated with d-simplices).
The edges of each simplex are assigned with quantum degrees of freedom of a gauge group G with group elements g ∈ G. Each simplex then is associated to a complex U (1) phase of d-cocycle ω d of the cohomology group H d (G, U (1)) up to a sign of orientation related to the ordering of vertices (called the branching structure). How do we convert the spacetime lattice path integral Z as the ground state solution of the Hamiltonian given in Eq. (3)? We design theB f term as the zero flux constraint on each face / plaquette. We design that theÂ v term acts on the wavefunction of a spatial slice through each vertex v by lifting the initial state through an imaginary time evolution to a new state with a vertex
Here the edge along the imaginary time is assigned with [vv ] = g and all g ∈ G are summed over. The precise value ofÂ g v is related to fill the imaginary spacetime simplices with cocycles ω d . The whole termÂ v can be viewed as the near neighbor interactions that capture the statistical Berry phases and the statistical interactions. Such models are also named the twisted quantum double model [18, 24] , or the twisted gauge theories [19, 22] , due to the fact that Dijkgraaf-Witten's group cohomology description requires twisted cocycles.
With a well-motivated lattice Hamiltonian, we can ask what is its low energy continuum TQFT. The Dijkgraaf-Witten model should be described by bosonic TQFT, because its definition does not restrict to a spin manifold. Another way to understand this bosonic TQFT is the following. Sincê A v andB f are bosonic operators in Eq.3, we shall term such a Hamiltonian as a bosonic system and bosonic quantum matter. TQFTs for bosonic Hamiltonians are bosonic TQFTs that require no spin structure. We emphasize that bosonic quantum matter and bosonic TQFTs have only fundamental bosons (without any fundamental fermions), although these bosonic systems can allow excitations of emergent anyons, including emergent fermions. It has been noticed by [22, [24] [25] [26] [27] [28] that the cocycle in the cohomology group reveals the continuum field theory action (See, in particular, the Tables in [28] ). A series of work develop along this direction by formulating a continuum field theory description for Dijkgraaf-Witten topological gauge theories of discrete gauge groups, their topological invariants and physical properties [17, [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . We will follow closely to the set-up of [17, 28] . Continuum TQFTs with level-quantizations are formulated in various dimensions in Tables of [28] . Dynamical TQFTs with well-defined exact gauge transformations to all orders and their physical observables are organized in terms of path integrals of with linked line and surface operators in Tables of [17] . For example, we can start by considering the Dijkgraaf-Witten topological gauge theories given by the cohomology group H d (G, U (1)), say of a generic finite Abelian gauge group G = I Z N I . Schematically, leaving the details of level-quantizations into our main text, in 2+1D, we have field theory actions of BdA, K IJ A I dA J , B I dA I + A I dA J and B I dA I + A 1 A 2 A 3 , etc. In 3+1D, we have
Here B and A fields are locally 2-form and 1-form gauge fields respectively. For simplicity, we omit the wedge product (∧) in the action. (For example, A 1 A 2 A 3 is a shorthand notation for A 1 ∧ A 2 ∧ A 3 .) The indices of A I and B I are associated to the choice of Z N I subgroup in G = I Z N I . The A fields are 1-form U(1) gauge fields, but the B fields can have modified gauge transformations when we turn on the cubic and quartic interactions in the actions. We should warn the readers not to be confused by the notations: the TQFT gauge fields A and B, and the microscopic Hamiltonian operatorÂ v andB f are totally different subjects. Although they are mathematically related by the group cohomology cocycles, the precise physical definitions are different. How do we go beyond the twisted gauge theory description of Dijkgraaf-Witten model? Other TQFTs that are beyond Dijkgraaf-Witten model, such as B I dA I + B I B J [29, 37] and other higher form TQFTs [38] , may still be captured by the analogous lattice Hamiltonian model in Eq. (3) by modifying the decorated cocycle inĤ to more general cocycles. Another possible formulation for beyond-Dijkgraaf-Witten model can be the Walker-Wang model [39, 40] . The lattice Hamiltonian can still be written in terms of certain version of Eq. (3). All together, we organize the list of aforementioned TQFTs, braiding statistics and link invariants that we compute, and some representative realizable condensed matter/lattice Hamiltonians, in Table 1 .
Most TQFTs in the Table 1 are bosonic TQFTs that require no spin manifold/structure. However,
are two examples of fermionic TQFTs (or the so-called spin TQFTs) when p II is an odd integer. A fermionic TQFTs can emerge only from a fermionic Hamiltonian that contains fundamental fermionic operators satisfying the anti-commuting relations (see e.g. [41, 42] ). We emphasize that the fermionic quantum matter have fundamental fermions (also can have fundamental bosons), although these fermionic systems can allow excitations of other emergent anyons. Mathematically, TQFTs describing fermionic quantum matter should be tightened to spin TQFTs that require a spin structure [43, 44] (see the prior observation of the spin TQFT in [23] ).
We shall clarify how we go beyond the approach of [17, 28] . Ref. [28] mostly focuses on formulating the probe-field action and path integral, so that the field variables that are non-dynamical and do not appear in the path integral measure. Thus Ref. [28] is suitable for the context of probing the global-symmetry protected states, so-called Symmetry Protected Topological states [45] (SPTs, see [10, 46, 47] for recent reviews). Ref. [17] includes dynamical gauge fields into the path integral, that is the field variables which are dynamical and do appear in the path integral measure. This is suitable for the context for Ref. [17] observes the relations between the links of submanifolds (e.g. worldlines and worldsheets whose operators create anyon excitations of particles and strings) based on the properties of 3-manifolds and 4-manifolds, and then relates the links to the braiding statistics data computed in Dijkgraaf-Witten model [22, 26, 30] and in the path integral of TQFTs. In this article, we explore from the opposite direction reversing our target. We start from the TQFTs as an input (the first sub-block in the first column in Table 1 ), and determine the associ-ated mathematical link invariants independently (the second sub-block in the first column in Table  1 ). We give examples of nontrivial links in 3-sphere S 3 and 4-sphere S 4 , and their path integral expectation value as statistical Berry phases (the second column in Table 1 ), and finally associate the related condensed matter models (the third column in Table 1 ).
In Table 1 , we systematically survey various link invariants together with relevant braiding processes (for which the invariant is a nontrivial number as 1) that either are new to or had occurred in the literature in a unified manner. The most familiar braiding is the Hopf link with two linked worldlines of anyons in 2+1D spacetime [9, 11] such that Lk(γ I , γ J ) = 1 . The more general Aharonov-Bohm braiding [48] or the charge-flux braiding has a worldline of an electriccharged particle linked with a (d − 2)-worldsheet of a magnetic flux linked with the linking number
The Borromean rings braiding is useful for detecting certain non-Abelian anyon systems [30] . The link of two pairs of surfaces as the loop-loop braiding (or two string braiding) process is mentioned in [49] [50] [51] . The link of three surfaces as the three-loop braiding (or three string braiding) process is discovered in [21, 26] and explored in [22] . The link of four 2-surfaces as the four-loop braiding (or four string braiding) process is explored in [17, 30, 35] .
More broadly, below we should make further remarks on the related work [27-37, 52, 53] . This shall connect our work to other condensed matter and field theory literature in a more general context. While Ref. [27] is motivated by the discrete anomalies (the 't Hooft anomalies for discrete global symmetries), Ref. [28] is motivated by utilizing locally flat bulk gauge fields as physical probes to detect Symmetry Protected Topological states (SPTs). As an aside note, the SPTs are very different from the intrinsic topological orders and the TQFTs that we mentioned earlier:
• The SPTs are short-range entangled states protected by nontrivial global symmetries of symmetry group G. The SPTs have its path integral |Z| = 1 on any closed manifold. The famous examples of SPTs include the topological insulators [54, 55] protected by time-reversal and charge conjugation symmetries. The gapless boundaries of SPTs are gappable by breaking the symmetry or introducing strong interactions. Consequently, take the 1+1D boundary of 2+1D SPTs as an example, the 1+1D chiral central charge is necessarily (but not sufficiently) c − = 0.
• The intrinsic topological orders are long-range entangled states robust against local perturbations, even without any global symmetry protection. However, some of topological orders that have a gauge theory description of a gauge group G may be obtained by dynamically gauging the global symmetry G of SPTs [56, 57] . The boundary theory for topological orders/TQFTs obtained from gauging SPTs must be gappable as well.
In relation to the lattice Hamiltonian, the SPTs has its Hilbert space and group elements associated to the vertices on a spatial lattice [45] , whereas the corresponding group cohomology implementing the homogeneous cocycle and the holonomies are trivial for all cycles of closed manifold thus |Z| = 1. In contrast, the Eq. (3) is suitable for topological order that has its Hilbert space and group elements associated to the links on a spatial lattice [18, 19, 22] , whereas its group cohomology implementing the inhomogeneous cocycle and its holonomies are non-trivial for cycles of closed manifold thus |Z| sums over different holonomies.
In relation to the field theory, we expect that the SPTs are described by invertible TQFTs (such as the level N = 1 in BF theory), a nearly trivial theory, but implemented with nontrivial global symmetries. (See [58] for the discussions for invertible TQFTs, and see the general treatment of global symmetries on TQFTs in [29] .) In contrast, we expect that the intrinsic topological orders are described by generic non-invertible TQFTs (e.g. level N BF theory). Since Ref. [28] implements the nearly flat probed gauge fields, the formalism there could not be the complete story for the intrinsic topological orders and TQFTs of our current interests. It is later found that one can view the topological actions in terms of dynamical gauge fields instead of the probed fields, by modifying the gauge transformations [31, 32] . Up until now, there is good evidence that we can view the discrete spacetime Dijkgraaf-Witten model in terms of some continuum TQFTs (See Tables in [17, 28] and our Table 1 ). One of the most important issues for understanding the dynamical TQFT is to compute precisely the path integral Z and to find explicitly the physical observables. To this end, one partial goal for this article, is to explicitly compute the path integral and the braiding statistics / link invariants for these TQFTs in various dimensions. We focus mainly on 2+1D and 3+1D for the sake of realistic dimensions in condensed matter physics, but our formalism can be easily applied to any dimension.
Other than TQFTs and discrete gauge theories in Table 1 , we can obtain even more fermionic spin TQFTs by gauging the global symmetries of fermionic SPTs (fSPTs). An interesting example is gauging the fSPTs with Z f 2 × (Z 2 ) n symmetry in various dimensions. We are able to address one interesting puzzle concerning the Z f 2 × Z 2 fSPTs as Topological Superconductors with 8 distinct classes labeled by ν ∈ Z 8 (realized by stacking ν layers of a pair of chiral and anti-chiral p-wave superconductors). Although it is known that ν = 0, 4 gauged fSPTs are bosonic Abelian ChernSimons (CS) theories for bosonic Z 2 gauge and twisted gauge theory (toric code and double-semion models), and ν = 2, 6 gauged fSPTs are fermionic Abelian spin-CS theory for fermionic Z 2 gauge and twisted gauge theory, the field theories description for the odd-ν classes (ν = 1, 3, 5, 7) are somewhat mysterious. In some sense, the odd-ν class are fermionic "Z 2 gauge spin-TQFTs," but the statistics is somehow non-Abelian. We solve the puzzle by deriving explicit non-Abelian spin TQFTs obtained from gauging fSPTs, and compute physical observables to distinguish ν ∈ Z 8 class in Sec. 8.
The plan of the article and the convention of notation
The plan of our article is organized as follows. In Sec. 2, we derive the link invariant of BdA theory in any dimension as the Aharonov-Bohm's linking number that detects a charge particle and a flux loop braiding process through the Aharonov-Bohm phase. In Sec. 3, we study K IJ A I dA J and BdA+AdA in 2+1D and show that its path integral calculates the linking number. In Sec. 4, we study BdA + A 3 in 2+1D and obtain Milnor's triple linking number from its path integral. In Sec. 5, we study BdA + A 2 dA in 3+1D and obtain triple-linking number of surfaces. In Sec. 6, we study BdA + A 4 in 3+1D and obtain quadruple-linking number of surfaces. In Sec. 7, we study BdA + BB in 3+1D and obtain intersection number of open surfaces. In Sec. 8, we construct the explicit fermionic SPT path integrals with Z f 2 × (Z 2 ) n symmetry, and their gauged versions: fermionic spin TQFTs. We derive the experimentally measurable physics observables, including the ground state degeneracy (GSD), the braiding statistics (the modular matrices S xy and T xy ), etc. In addition, we discuss their relation to various invariants including Arf(-Brown-Kervaire), Rokhlin, Sato-Levine invariants and more. In Sec. 9, we conclude with additional remarks.
We should emphasize that the link invariants we derive are powerful and important in various aspects. (1) A link invariant can detect various possible links in spacetime, or various possible braiding processes (regardless if the braiding process is known or unknown to the literature). While in the literature, few specific braiding processes have been investigated (such as the three or four string braiding processes), we can use our link invariants to identify other braiding processes that (i). TQFT actions associated link invariants (ii). Spacetime-braiding process,
Quantum statistic braiding data e iθ (iii). Comments: Condensed matter models Any dimensions Sec. 2 :
Z N topological order [12] Z N spin liquid [13] , Z N toric code [14] Z N gauge theory [15] 2+1D Sec. 3 :
Fractional quantum Hall states [59] , Halperin states [60] Twisted quantum double [18, 20] , String-net models [61] , 2+1D anyon systems [62, 63] (Spin TQFT for K II , p II ∈ odd.) Sec. 4 :
Milnor's triple linking number :
Gauged SPT lattice model [25, 31, 36] , Twisted quantum double [18, 20] , String-net models [61] , D 4 discrete gauge theory [22, 24, 31, 36] Sec. 8: Gauged
Odd ν ∈ Z 8 detects knots with non-zero Arf invariant (e.g. Trefoil).
2 -fSPT model. Odd ν in the mixed class detects links with non-zero Sato-Levine invariant (e.g. Whitehead).
3+1D
Sec. 5 :
Triple linking number of surfaces:
Gauged SPT lattice model [26] , Twisted gauge theory [19, 64] , Abelian string model [21, 22, 26] Sec. 6 :
Quadruple linking number of surfaces:
Gauged SPT lattice model [31] , Twisted gauge theory [19] , Non-Abelian string model [22] Sec. 7 :
Intersection number of surfaces:
Gauged SPT lattice model [37] , Walker-Wang like model [39, 65] .
(Spin TQFT for p II , N I ∈ odd.) Table 1 : TQFT actions, the link invariants computed through the path integral Z, and their condensed matter models are organized in three columns. For a comparison of the development from the earlier work, see the setup in [17, 28] . Here p, p IJ , p IJK are quantized integer levels.
produce nontrivial values of topological invariants and thus have nontrivial statistical Berry phases.
(2) Our method to derive topological invariants is based on field theory description of TQFTs. In particular, our approach is systematic, using Poincaré duality and intersection theory. Our approach is universal, and our result is more general than what appeared in the literature.
Note: To denote the cyclic group of order n, we use Z n and Z n , which are equivalent mathematically, but have different meanings physically. We use Z n to denote a symmetry group and a gauge group. We use the slight different notation Z n to denote the distinct classes in the classification of SPTs/TQFTs or in the cohomology/bordism group. Notation Z 
to denote cup-product in cohomology ring. GSD stands for ground state degeneracy. In Table. 1 and elsewhere, the repeated indices is normally assumed to have Einstein summation, except that the
where the prime indices here are fixed instead of summed over.
2

BdA in any dimension and Aharonov-Bohm's linking number
Below we warm up by considering the level-N BF theory with an action
BdA in any dimension, where N is quantized to be an integer. The study of BF theory in physics dates back to the early work of [66, 67] . Consider the following action on any closed d-manifold M d :
where A is a 1-form gauge field on M and B is a (d − 2)-form gauge field on M . The partition function or path integral without any additional operator insertion is
Locally the gauge transformation is given by:
If M d has non-trivial topology, globally g and ν may have discontinuities such that dg and dν are continuous forms representing a cohomology class in 2πH
Now for a path integral with insertions, let Φ be a gauge invariant functional Φ(A, B) of the fields A and B. The path integral with insertion Φ can be formally defined as
Let us note that in the case when M d has non-trivial topology, the field B only locally can be understood as a d − 2 form. Globally, it can be realized as B =B + β whereB is a globally defined d − 2 form and β is a discontinuous d − 2-form such that dβ is a continuous form representing a
So the path integral overB actually means the following
Below we evaluate the Φ in various scenarios starting from the simplest, almost trivial case and gradually increasing complexity.
1. If Φ(A) is independent of the B field, then the integration overB gives the equation of motion as constraint of A, which localizes A to be flat U (1) connection. Namely, the curvature is zero
, it follows that the sum over fluxes β imposes the following constrains on A:
that is, modulo gauge transformations, connection A belongs to Z N subset of U (1) flat connections:
Note that from the universal coefficient theorem and the fact that
The path integral then reduces to the following finite sum:
The standard normalization for the partition function Z is as follows:
If Φ(A, B) depends on B field as follows
Where
.. is a family of d − 2-dimensional hypersurfaces inside the spacetime manifold M d and Φ 0 (A) is the insertion that depends only on A. Gauge invariance requires q m ∈ Z. One can also rewrite (21) as follows:
where
for any d − 2 form ω d−2 . After integrating out B the path integral Eq. (8) localizes to the solutions of the equations of motion with source:
This equation implies that F A /2π is a differential form which represents the class in
Here and below [S] denotes the homology class of the surface S. Since The cohomology
is then generated by 1-forms µ 1 , . . . , µ m such that
where C 1 n is a small circle linking S d−2 m . Here we denote M \ S means the relative complement of S in M . The solution of Eq. (17) then becomes:
One possible choice of forms µ m is using 1-form valued delta functions supported on
4. If Φ 0 (A) in Eq. (21) is a product of the Wilson loops around the one-dimensional loops {γ 1 n } separate and disjoint from {S d−2 m }, such that
with the electric charge e n ∈ Z associated to each loop, then the path integral with Φ(A, B) insertion can be evaluated as follows:
where the Lk
is the linking integer number between the loop γ 1 n and
m , which by definition is given by counting intersection points in (V d−1 m ∩ γ 1 n ) with signs corresponding to orientation.
3
K IJ A I dA J and BdA + AdA in 2+1D and the linking number
In the 2+1D spacetime, as another warp up exercise, consider the action of U (1) s Chern-Simons theory with level matrix K:
where K IJ is a symmetric integral valued matrix. The above most general Abelian Chern-Simons theory includes a particular case:
where p IJ is a symmetric integral valued matrix. When p IJ is an odd integer, we have the Abelian spin-Chern-Simons theory (considered in detail in [43] ). When p IJ is an even integer, we have the Abelian Chern-Simons theory that are within the cohomology group
Note that when K II is odd for some I, the theory becomes fermionic spin-TQFT that depends on the choice of spin structure. A generic collection of line operators supported on s closed disjoint curves γ I embedded in S 3 can be realized as follows:
for some integer numbers e I . As we will see the result, up to a ±1 sign, only depends on the class of s-vector e in the cokernel of the level matrix K, that is effectively e ∈ Z s /KZ s . Suppose M 3 = S 3 . The expectation value of W e [{γ I }] is then given by a Gaussian integral which localizes on the following equations of motion:
which, up to a gauge transformation, can be solved as follows:
where Σ J is a Seifert surface bounded by γ J and we used that dδ ⊥ (Σ J ) = δ ⊥ (∂Σ). Plugging the solution back into the integrand gives us
where Lk(γ I , γ J ) is the linking number between γ I and γ J , which is by definition equal to the intersection number #(Σ I ∩ γ J ). The physics literature on this invariant dates back to [68, 69] .
4
BdA + A 3 in 2+1D, non-Abelian anyons and Milnor's triple linking number
In the 2+1D spacetime, we can consider the following action on a 3-manifold M 3 :
where A I and B I are 1-form fields. Herep ≡
with p ∈ Z N IJK . We have the TQFT that are within the class p ∈ Z N IJK in the cohomology group
The gauge transformation is:
Consider the following observable:
Where γ I are three pairwise unlinked (and with trivial framing) connected components of a link. The functions (d −1 A K ) are defined on link components as follows:
where x 0 ∈ γ I is a reference point and [x 0 , x] γ I ⊂ γ I denotes a segment of γ I . Note that φ K (x) is a well defined continuous function on γ I only if γ I A K = 0, that is the flux of A K gauge field through γ I vanishes. We assume that this is the case. If such condition is not satisfied W r,q [γ 1 , γ 2 , γ 3 ] should be zero instead [36] . Later we will generalize this to the case when charges q I , similarly to e IJ , form a general matrix. We are interested in calculating its vacuum expectation value (vev), that is:
As before, δ ⊥ (γ) denotes the form distribution supported on γ such that M 3 ω ∧ δ ⊥ (γ) = γ ω for any ω. Then we can write
Then integrating out B I in the path integral (47) imposes the following conditions on A I :
On M 3 = S 3 it can be always solved as follows (uniquely modulo the gauge group):
where Σ I is a surfcase bounded by γ I (i.e. ∂Σ I = γ I ). Consider then the value of different terms in the effective action that we obtained after integrating B I out:
The assumption that there is no flux of A I gauge field through any γ J for any pair I, J implies that in order to get a non-vanishing expectation value all pairwise linking numbers should be zero:
where intersection numbers are, as usual, counted with signs determined by orientation. Denote (−1) (a) the sign corresponding to the orientation of the intersection at point a. Consider (32):
which is unambiguously defined because Lk(γ I , γ K ) = 0. Then
where the ordering of intersection points a, b ∈ γ I (that is the condition x b > x a ) is done relative to the previously chosen reference point x 0 ∈ γ I . Finally we have:
is exactly the geometric formula for Milnor'sμ invariant or Milnor's triple linking number [70] . It is easy to evaluate for the Borromean rings link. Consider realization of Borromean rings shown in 
As an example, in the corresponding link figure shown in Table 1 , we mean the braiding process of three particle excitations described in [17, 30, 35] .
When the coefficients q in (31) form a general matrix q IJ (similarly to the coefficients e IJ ) we have the (det q) instead of q 1 q 2 q 3 in (41) 4 . Lastly, we remark that this 2+1D theory with a cubic interacting action can host non-Abelian anyons [22, 24, 30, 36] with non-Abelian statistics. The attempt to derive the Milnor'sμ invariant from Chern-Simons-like field theory dates back to [71, 72] and recently summarized in [73] . 5 However, our approach is rather different and is generally based on Poincaré duality and the intersection theory. We note that the theory of 
5
BdA+A 2 dA in 3+1D and the triple linking number of 2-surfaces
In the 3+1D spacetime, consider the following action on a 4-manifold M 4 :
where A I and B I are 1-and 2-form gauge fields respectively. Herep ≡
with p ∈ Z N 123 . We have the TQFT that are within the class p ∈ Z N 123 in the cohomology group H 4 (Z N 1 × Z N 2 × Z N 3 , U (1)) for the Dijkgraaf-Witten theory [28] .
Let us introduce an antisymmetric matrix IJ such that 12 = − 21 = 1 and all other elements are zero. The gauge transformation then reads:
4 Assuming trivial framing of link components 5 We thank Franco Ferrari for bringing us attention to the earlier work on BdA + A 3 theory.
Consider the following gauge invariant observable:
Where Σ I are three non-intersecting surfaces in M 4 and V I are some 3D submanifolds that are bounded by them, that is ∂V I = Σ I . Such V I are usually called Seifert hyper-surfaces. As before, we are interested in calculating its vev, that is:
Using δ-forms we can write it as follows
On M 4 = S 4 it can be always solved as follows (uniquely modulo the gauge group):
where V I is any 3D hypersurface bounded by Σ I . Without loss of generality we can choose V I = V I . Consider the value of different terms in the effective action that we obtained after integrating B I out:
Finally we have:
is the triple linking number of surfaces (defenition (4) in [74] ). 
(The same link figure is shown in Table 1 .) Take the Σ 2 , Σ 3 to be a spun of Hopf link with Seifert hypersurfaces V 2 , V 3 being spuns of Seifert surfaces. The surface Σ 1 is a torus embedded at a fixed value of the spin angle and encircling the Hopf link. Choose Seifert hypersurface V 1 to be the interior the torus Σ 1 . The intersection #(V 1 ∩V 2 ∩Σ 3 ) = 1 contains one point shown bold in the figure.
Similarly one can consider theory
which represents a non-trivial element of
The analogous operator supported in a triple of surfaces Σ 1 , Σ 2 , Σ 2 reads:
where dots denote appropriate gauge invariant completions similar to the ones in (46) . The resulting expectation value is as follows
assuming Σ 2 , Σ 2 have trivial framing.
As an example, in the corresponding link figure shown in Table 1 as well in Fig. 2 , we mean the braiding process of three string excitations described in [17, 21, 22, 26, 35] . In this configuration shown in Fig. 2 , we have Tlk( Reader can find Ref. [35] for a related study for this theory. We also note that Ref. [75] applies non-linear sigma model descriptions as an alternative, without using BdA+A 2 dA theory to study the 3 string braiding process, limited to a more restricted case N 1 = N 2 = N 3 = 2. Here we had considered more generic levels.
6
BdA + A 4 in 3+1D, non-Abelian strings and the quadruple linking number of 2-surfaces
In the 3+1D spacetime, we can also consider the following action on a 4-manifold M 4 :
with p ∈ Z N 1234 . We have the TQFT that are within the class p ∈ Z N 1234 in the cohomology group
The gauge transformation reads (see the exact transformation to all order in [17] ):
where IJKL is an absolutely anti-symmetric tensor. Consider the surface operators supported on 4 different non-intersecting surfaces Σ I , I = 1, . . . , 4 which we formally write as follows:
To be more specific, consider the surface operator supported on Σ 1 :
What we mean by this expression is the following. If in the path integral we first integrate out B 2 , B 3 , B 4 (which do not appear in the surface operator supported on Σ 1 ), this imposes conditions
If Σ 1 has a non-zero genus as a Riemann surface, we can always represent it by a polygonΣ 1 (which is topologically a disk) with appropriately glued boundary. Choose a point x
(1) * ∈Σ 1 and define
where the integral is taken along a path inΣ 1 . It does not depend on the choice of the path inΣ 1 due to (62) . The choice of simply connectedΣ 1 representing Σ 1 is similar to the global choice of the path in γ I for line operators in section 4. The surface operator that can be expressed as
It is easy to see that it is invariant under the gauge transformations
up to boundary terms supported on ∂Σ 1 . The presence of such terms and the dependence on the choice ofΣ 1 in general makes such surface operator ill defined. However for field configurations with certain restriction the boundary terms vanish and the ambuguity goes away. This is similar to the situation in Sec. 4, where d −1 A K is a well defined continuous function on γ I only if the pairwise linking numbers vanish. In particular, we will need to require that all triple linking numbers Tlk(Σ I , Σ J , Σ K ) are zero. If the ambiguity is present, the operator should vanish instead, similarly to the case considered in Sec. 4. In the examples below there will be no such ambiguity.
As before, let V I be Seifert hypersurfaces such that ∂V I = Σ I . Then the integrating out all B I implies:
The effective action is then given by the quadruple intersection number of the Seifert hypersurfaces
The contribution of the surface operator supported on Σ I reads
is defined as follows. Consider γ (I)
J ≡ (Σ I ∩ V J ), oriented, not necesserily connected, curves on surface Σ I . Then 6
(a) # of times one needs to cross γ
4 to reach a from x
where as before, (−1) (a) = ±1 depends on the orientation of the intersection of γ
2 with γ
3 . The crossings with γ (1) 4 are also counted with signs. See Fig. 3 . Note that if there is no ambiguity in defining t(Σ 1 ; V 2 , V 3 , V 4 ) (i.e. no dependence on the choice of polygonΣ 1 and the reference point x (1) * ) it is antisymmetric with respect to exchange of V 2 , V 3 , V 4 .
where we define the quadruple linking number of four 2-surfaces as follows:
. (70) 6 Again, we assume that configuration of surfaces is such that there is no ambiguity in such expression, i.e. no dependence on the choice ofΣ1 and x Lastly, we remark that this 3+1D theory with a quartic interacting action can host non-Abelian strings [22, 30, 35] with non-Abelian statistics. As an example, in the corresponding link figure shown in Table 1 and Fig. 5 , we mean the braiding process of four string excitations described in [17, 30, 35] .
7
BdA + BB in 3+1D and the intersection number of open surfaces
In the 3+1D spacetime, one can consider the following action on a 4-manifold M 4 :
where A I and B I are 1-and 2-form fields respectively and N IJ ≡ gcd(N I , N J ). We make a choice on the symmetric integral quadratic form p IJ ∈ Z. This TQFT is beyond the Dijkgraaf-Witten group cohomology theory.
The gauge transformation reads:
Note that if the diagonal elements p II and the integer N I are odd, e iS is invariant under large gauge transformations only if M 4 has even intersection form. Equivalently, it is a spin 4-manifold.
Consider the following gauge invariant operator supported on closed surfaces Ω I and surfaces Σ I with boundaries γ I :
where q I , e I ∈ Z (the expectation value, up to a sign, will depend only on their value modulo N I ) are integral weights (charges). Since the charge curve γ I of A I must bound the surface Σ I of B J , we learn that the BdA + BB theory is a higher-form gauge theory where particles must have strings attached.
Consider the case M 4 = S 4 . Then integrating out A I imposes the following condition on B I :
where Σ I is a Seifert surface of γ I , that is ∂Σ I = γ I . The effective action is then given by the intersection number of the Seifert surfaces
While the contribution of the surface operators reads
Combining all the terms we get
where we used that, by the definition of the linking number, #(Σ I ∩ Ω I ) = Lk(γ I , Ω I ) and that #((Σ I − Σ I ) ∩ (Σ J − Σ J )) = 0 because intersection number of any two closed surfaces in S 4 is zero. Note that the result depends not only on γ I , but also on the choice of surfaces Σ I that are bounded by them. This is consistent with the fact that if one changes Σ I to Σ I + δΣ I , where δΣ I is a closed surface, it is equivalent to changing (73), and δΣ J may have non-trivial linking with γ J (see Fig. 6 ). Also note that in order to calculate the digonal elements #(Σ I ∩ Σ I ) one needs to introduce a framing to γ I , that is a choice of a non-zero normal vector along γ I . The trivial choice of a generic constant vector leads to #(Σ I ∩ Σ I ) = 0. The example of a framing choice that gives #(Σ I ∩ Σ I ) = 1 is shown in Fig. 7 .
One could also detect the value of p IJ by considering, for example, the partition function of the theory (71) on a closed simply-connected spin 4-manifold with the second Betti number b 2 and the intersection form Q αβ on H 2 (M 4 , Z). Integrating out A I restricts N I B I /2π to be a representative of an element from H 2 (M 4 , Z). Equivalently, where Σ α are representatives of the basis elements of H 2 (M 4 , Z) and n Iα ∈ Z N I taking into account large gauge transformations. The partition function then reads 7
Suppose for simplicity that N I = N, ∀I = 1, . . . , s. One can rewrite (80) using Gauss reciprocity formula as follows:
where p IJ and Q αβ are inverse matrices of p IJ and Q αβ , respectively. Here σ(p) is the signature of the p IJ matrix, that is the difference between the numbers of positive and the negative eigenvalues of the matrix. Similarly, σ(M 4 ) denotes the signature of M 4 , which is by definition is the signature of the intersection matrix Q αβ .
Fermionic TQFT/ spin TQFT in 2+1D and 3+1D
Now we consider spin-TQFTs which arise from gauging unitary global symmetries of fermionic SPTs (fSPTs). We can obtain fermionic discrete gauge spin TQFTs from gauging the (Z 2 ) n symmetry of Z [81] [82] [83] or the cobordism group [84, 85] . Yet it remains puzzling what are the continuum field theories for these fSPTs and their gauged spin TQFTs, and what are the physical observables that fully characterize them.
Our strategy to tackle this puzzle goes as follows. In Sec. 8.1, we define fSPT path integrals and its gauged TQFTs for all ν ∈ Z 8 through the cobordism approach in Eq. (86) . In Sec. 8.1.1, we calculate the GSD on the T 2 torus which distinguishes only the odd-ν from the even-ν classes. In Sec. 8.1.2, we calculate the path integral Z[RP 3 ], a single datum that distinguishes all ν ∈ Z 8 classes. In Sec. 8.1.3, we show the T xy matrix for the Z 2 -gauge flux ('t Hooft line) operator is another single datum that distinguishes ν ∈ Z 8 classes. By computing the S xy and T xy matrices, we propose our continuum field theories for spin TQFTs and identify their underlying fermionic topological orders through [86] , shown in Table 2 . In Sec.8.1.4 we propose expression for Z f 2 × Z 2 fSPT via Rokhlin invariant. In Sec.8.2, we study more general fSPTs and corresponding spin TQFTs in 2+1 and 3+1D, and their link invariants. 7 For a generic, not necessarily simply connected, 4-manifold M 4 the partition function of a discrete 2-form gauge theory in canonical normalization have the following form:
Roughly speaking, the denominator of the normalizaiton factor counts discrete group gauge transformations while the numerator counts ambiguitites in the gauge transformations. (BZ 2 ) ∼ = Z 8 (82) appeared in [84] . Note that the last isomorphism is non-canonical and follows from the fact that Ω Spin 3 (BZ 2 ) contains only torsion elements. In particular, for the class ν ∈ Z 8 , the value of the fSPT partition action on a closed 3-manifold M 3 with a spin structure s ∈ Spin(M 3 ) and the background Z 2 gauge connection a ∈ H 1 (M 3 , Z 2 ) is given by
where PD stands for the Poincaré dual. The PD(a) ⊂ M 3 denotes a (possibly unoriented) surface 8 in M 3 representing a class in
The s| PD(a) is the Pin 
for any possibly unoriented surface Σ embedded into M 3 . The corresponding spin-TQFT partition function reads 9
Starting from Eq. (86) we explicitly check that the resulting TQFTs for various values of ν ∈ Z 8 are as described in Table 2 .
Ground state degeneracy (GSD): Distinguish the odd-ν and even-ν classes
The first step in identifying the TQFT is calculating ground state degeneracy on T 2 . Since we deal with the spin-TQFT it is necessary to specify the choice of spin structure on T 2 . There are 4 choices corresponding to the periodic (P) or anti-periodic boundary (A) conditions along each of two cycles: (P,P), (A,P), (P,A), (A,A). As we will see the Hilbert space up to an isomorphism only depends on the parity (the value of the Arf invariant in Z 2 ), which is odd for (P,P), and is even for (A,P), (P,A), (A,A). We will denote the corresponding spin 2-tori as T 2 o and T 2 e . The GSD can be counted by considering partition function on M 3 = T 3 = T 2 e × S 1 or T 2 o × S 1 where we put either periodic or anti-periodic boundary conditions on the time circle S 1 . Table 2: Table of spin TQFTs as fermionic Z 2 gauge theories that arise from gauging Z 2 symmetry part of Z f 2 × Z 2 -fSPTs, for different classes of ν ∈ Z 8 with total 8 classes. The first column of the table shows the ν ∈ Z 8 class. The second column shows the continuum TQFTs that we obtain by gauging fSPTs. We use the description of the Ising TQFT in terms of Chern-Simons theory (CS) U (2) 2,−4 ∼ = (SU (2) 2 × U (1) −4 )/Z 2 from [87] . By SO(3) 1 , we denoted the spin-CS theory (see e.g. [44] ) with the level normalized such that the states on T 2 are subset of SU (2) 2 states corresponding to SU (2) representations with odd dimension (1 and 3) . The third column ("Link inv.") shows the topological invariant through which the expectation value of the system of line operators supported on a link in S 3 can be expressed. The fourth column in the right shows the GSD on T 2 , in terms of the spin 2-tori as T 2 o and T 2 e with the odd or even parity. The "b" stands for boson and the "f" for fermions. On one hand, the Ising and the SU (2) 2 TQFTs contain 3 bosonic (i.e. with (−1) F = 1) anyons. On the other hand, the spin-Ising and the SO(3) 1 spin-CS have 1 bosonic state on T 2 for any even spin structure, and have 1 fermionic ((−1) F = −1) state for the odd spin structure. The theories with ν = 0 mod 2 contain 4 bosonic states for any choice of the spin structure. The fifth column shows that Z[RP 3 ] distinguishes all ν ∈ Z 8 classes. The last two columns show the reduced modular S xy and T xy matrices (see main text for details). We can compute S xy and T xy based on the description Eq. (86), and find our data consistent with the spin TQFTs that we associate with in the second column. Our spin TQFTs can be identified as fermionic topological orders through [86] , which denoted as 6 F 0 for odd ν, and 8 F 0 or 4 B 0 for even ν. We find the correspondence that ν = 0 as 4 We denote their GSD as GSD T 2 e and GSD T 2 o respectively. We find that
If we account all possible spin structures, the odd-ν theories have 3 bosonic and 3 fermionic states (6 states in total), and the even-ν theories have 4 bosonic states in total.
We can defineŜ xy andT xy as generators of SL(2, Z), the mapping class group of T 2 , which permute spin structures as follows:
So in general, the corresponding quantum operators act between Hilbert spaces for different spin 2-tori T 2 . Only the unique odd spin structure (that is (P,P)) is invariant. However in our case the Hilbert space on T 2 with spin structure s has form of
HereH T 2 is an s-independent purely bosonic Hilbert space that is 3 (4)-dimensional for odd (even) ν. The H 1-dim s is a one-dimensional Hilbert space (of spin-Ising ∼ = p + ip superconductor, or spin-SO(3) 1 Chern-Simons, or their conjugates). The reduced modular S xy and T xy matrices in Table 2 are representations ofŜ xy andT xy elements acting on the reduced Hilbert spaceH T 2 .
Z[RP
The easiest way to destinguish different TQFTs with the same number of states (say the 4 states for the odd-ν and the 3+3 states for the even-ν) is to calculate the partition function on RP 3 :
where ± corresponds to the choice of spin structure on RP 3 . One compares it with the expression via S xy and T xy matrices:
based on the (0, 0) component of the right hand side matrix. This gives the precise map between the gauged fSPTs for different values of ν ∈ Z 8 and the known fermionic topological orders [86] as listed in our Table 2 . To summarize, we show that the Z[RP 3 ] is one simple single datum that distinguishes ν ∈ Z 8 classes of fSPTs.
8.1.3 S xy and T xy : The mutual-and self-exchange braiding statistics for ν ∈ Z 8 classes
Another way is to calculate directly the modular data S xy and T xy matrices starting from the description Eq. (86) and computing the partition function with line operators supported on the corresponding links. We recall that:
• A Hopf link for S xy mn between two line operators of anyons (m, n) encodes the mutual-braiding statistics data between two anyons. For Abelian anyons, S xy mn ∝ e iθmn encodes the Abelian Berry statistical phase e iθmn of anyons (m, n), and, up to an overall factor, is related to the total quantum dimensions of all anyons.
• A framed unknot for T xy nn of a line operator of an anyon (n) encodes the self exchange-statistics or equivalently the spin statistics (also called the topological spin) of the anyon.
As in the bosonic case, the possible nontrivial line operators are the Wilson loop exp(πi γ a) and the 't Hooft loop, which imposes the condition da = δ ⊥ (γ). Another possibility is a line defect with a non-trivial spin-structure on its complement. In particular, consider the case when we have Wilson loop operators supported on the connected loops γ I ⊂ S 3 , and 't Hooft operators supported on the connected loops γ J ⊂ S 3 . The Wilson loop γ I is the Z 2 -charge loop, while the 't Hooft loop γ J is the Z 2 -gauge flux loop (also called the vison loop in condensed matter). We consider the loop operators:
then its expectation value in path integral gives
Here Σ is such that ∂Σ = J γ J and the framing on the link components γ J is induced by Σ. ABK(Σ) is the Arf-Brown-Kervaire invariant of embedded surface with the boundary Σ ⊂ S 3 [88] . Note that it can be expressed via the Arf invariant of unframed link {γ J } as follows 10 11 :
Therefore we have:
Note that when ν is even, the dependence on Arf invariant goes away, and the expectation value becomes as in Eq. (28) with the level matrix given in Table 2 . Note that the trefoil knot provides an example with non-zero Arf invariant, see Fig. 8 .
Remember that the 't Hooft loop γ J is equivalent to the Z 2 -gauge flux vison loop, where we gauge the Z 2 -symmetry of Z f 2 ×Z 2 -fSPT. We anticipate such a 't Hooft loop γ J as the Z 2 -gauge flux may be identified with the sigma anyon σ either in the Ising TQFT or in the SU (2) 2 Chern-Simons (CS) theory. With this in mind, to reproduce the non-trivial element of the T xy -matrix, we can take the link to be a framed unknot of the 't Hooft loop γ J . Thus we denote {γ J } = { p }. Here the p is an oriented unknot with a framing of any integer p. The framing p means that the line is 
where λ is the Sato-Levine linking invariant andμ is the Milnor triple linking number. for the even ν classes. So the trefoil knot distinguishes odd ν from even ν for ν ∈ Z 8 classes of
2π-twisted by p times, as being Dehn twisted by p times and then glued to a closed line. We derive that
since Arf[ ] = 0. This reproduces an e πiν 8
element of the T xy -matrix, with a power p. Remember that T xy matrix represents the self-statistics and equivalently the spin (also named as the topological spin) of the quasi-particle. The result e πiν 8
p confirms post-factum our earlier prediction that the Z 2 -gauge flux 't Hooft line operator should be identified with the same line operator for the sigma anyon σ. Thus, we further establish the correspondence between the gauged fSPT Eq.(86) and the TQFTs in the second column of Table 2 for all ν ∈ Z 8 classes.
When ν is odd, similarly one can confirm that, both Ising and SU (2) [89, 90] .
To summarize, we show that the modular data S xy and T xy computed in our Table 2 also distinguish ν ∈ Z 8 classes of fSPTs.
Fermionic Topological Superconductor and Rokhlin invariant
We explore further on the partition function of Z f 2 × Z 2 fSPTs, namely the Z 2 -symmetric fermionic Topological Superconductors. First let us notice that the partition function of SU (2) 2 Chern- 12 In order to calculate the elements of S xy matrix it is important to fix the normalization of Wilson and flux lines. In particular, the flux line should have an extra √ 2 factor, which is easy to fix by considering a pair of flux lines embedded in the obvious way into S 2 × S 1 and requiring that the corresponding path integral is 1.
Simons theory (CS) on a closed 3-manifold can be expressed via Rokhlin invariant [91] :
where the Rokhlin invariant µ(M 3 , s) of a 3-manifold M 3 equipped with the spin-structure s ∈ Spin(M 3 ) is defined as:
The σ(M 4 ) is the signature of any spin 4-manifold bounded by M 3 so that spin structure on M 3 is induced by spin structure on M 4 . Similarly, for its spin version, that is the SO(3) 1 spin CS:
Combining those together, we have:
where we used the fact that the spin structures form an affine space over H 1 (M 3 , Z 2 ). Comparing it with (86) at ν = 3 for the SU (2) 2 × SO(3) −1 Chern-Simons theory, this suggests that 13
and that the partition function of fSPT is given by
The fact that it is a cobordism invariant can be understood as follows. Let M 3 and M 3 be 3-manifolds equipped with spin-structures s, s and Z 2 gauge fields a, a (that is Z 2 principal bundles over M 3 and M 3 , or equivalently maps M 3 , M 3 → BZ 2 ). Suppose these spin 3-manifolds with Z 2 gauge bundles represent the same class in Ω Spin 3
(BZ 2 ). Then there exists a 4-manifold M 4 equipped with spin structure s 4 and Z 2 gauge field a 4 
and
and therefore
13 This should follow from the following formula [92] 
where M 4 is any (not necessarily spin) 4-manifold bounded by M 3 , and w2 is the relative Stiefel-Whitney class.
8.2
Other examples of 2+1D/3+1D spin-TQFTs and Z f 2 ×(Z 2 ) n fermionic SPTs: Sato-Levine invariant and more
In Table 3 , we propose other examples of spin-TQFTs with action (formally written) similar to (84) . The idea is that if we have a collection of Z 2 gauge fields a i ∈ H 1 (M d , Z 2 ), there is lesserdimensional fPST with time-reversal symmetry (with T 2 = 1) living on the intersection of domain walls (Poincaré dual to a i , which is, in general, non-orientable). The 1-cocycle η is formally defined such that (−1) S 1 η = ±1 depending on the choice of spin structure on S 1 . It can be interpreted as the action of the non-trivial 0+1D fSPT with no unitary global symmetry, that is the theory of one free fermion (the 0+1D fSPT partition function is 1 for the choice of anti-periodic boundary conditions on the fermion, and −1 for periodic boundary conditions).
The corresponding link invariants are similar to those appeared in bosonic theories, but instead of counting points of intersection between loops/surfaces/Seifert (hyper)surfaces, we count Ω Pin − 1,2 (pt) bordism classes of 1-and 2-manifolds that appear in the intersection. In math literature, the result of such counting sometimes referred as "framed intersection". Note that in one dimension, the Pin − bordism group is isomorphic to the stable framed bordism group:
which, in turn, by Pontryagin-Thom construction is isomorphic to the stable homotopy group of spheres. The Pin − structure on the intersection is induced by Spin structure on the ambient space together with the framing on its normal bundle given by vectors which are tangent to the intersecting surfaces [93] .
To clarify, consider for example the case with action π a 1 ∪ a 2 ∪ η (second line in Table 3 ). More precisely, the fSPT partition function on a 3-manifold M 3 is given by
+1, odd, −1, even, spin structure on S 1 (108)
The circle with the anti-periodic boundary condition on fermions is spin-bordant to an empty set, since it can be realized as a boundary of a disk. So the partition function of the non-trivial 0 + 1D fSPT has value 1 for it. The circle with the periodic boundary condition forms the generator of the spin-bordism group, and the partition function of the non-trivial fSPT has value −1. Note that induced spin-structures on circles embedded into M 3 can be understood as their framings (trivialization of the tangent bundle) modulo two [93] . If one chooses framing on M 3 compatible with spin structure, the framing on the circle that appears at the intersection of two surfaces is then determined by the two normal vectors tangent to the surfaces. Intuitively the framing on S 1 is given by how many times the "cross" of intersecting surfaces winds when one goes around the loop. Physically this 2+1D fSPT can be constructed by putting a non-trivial 0+1D fSPT (which are classified by Z 2 ) state, that is a state with one fermion, on the intersections of pairs domain walls for discrete gauge fields a 1,2 ∈ H 1 (M 3 , Z 2 ). The partition function of the corresponding spin-TQFT then can be written as follows:
Now let us consider flux line operators (W [γ I ] ∝ δ(da I − δ ⊥ (γ I ))) in this theory supported on a two-component semi-boundary link {γ 1 , γ 2 } in S 3 . "Semi-boundary" link is by definition a link for which one can choose Seifert surfaces Σ I (which satisfies ∂Σ I = γ I ) such that Σ I ∩ γ J = 0 for I = J. Note that semi-boundary links should be distinguished from boundary links, the links that Table 3 are consistent topological invariants that we merely propose them to detect potential SPT states. However, there are further obstructions [96, 97] in order to define SPTs on any closed manifold through these topological invariants. Indeed some topological invariants (e.g. the third and fourth rows marked with "?") above do not correspond to any SPTs, where we report the details in a companion work [98] . satisfy a stronger condition Σ I ∩ Σ J = 0 for I = J. Then 14
where the framing on the connected components of Σ 1 ∩ Σ 2 ⊂ S 3 is determined by the normal vectors in the direction of Σ 1,2 . This invariant SL(γ 1 , γ 2 ) ∈ π s 1 ∼ = Z 2 is known as the (stable)
Sato-Levine linking invariant of semi-boundary link [94] . It can be used to detect some non-trivial links for which the usual linking number is zero. The simplest example of a 2-component link with Lk(γ 1 , γ 2 ) = 0 but SL(γ 1 , γ 2 ) = 1 is the Whitehead link (see e.g. [99] ) shown in Fig 9) .
Conclusion
Some final remarks and promising directions are in order: 14 The extra exp(. . .) factors are gauge-invariant completions of line operators, similar to the ones in Sec. 5. [83] . In this case, we claim that the Whitehead link can detect odd ν ∈ Z 4 classes in Z 4 sub-classes with a Berry phase (−1).
1. We formulate the continuum TQFTs to verify several statistical Berry phases raised from particle and string braiding processes via the 2+1D and 3+1D spacetime path integral formalism (See [17] and References therein). We find the agreement with [17] which uses a different approach based on surgery theory and quantum mechanics. As far as we are concerned, all the TQFTs discussed in our Table 1 , 2 and 3 can be obtained from dynamically gauging the unitary global symmetries of certain SPTs. We also derive the corresponding new link invariants directly through TQFTs.
2. We resolve the puzzle of continuum spin TQFTs that arise from gauging the Z f 2 × Z 2 -fSPT (namely the Z 2 -symmetric fermionic Topological Superconductor) partition function (86) and listed in Table 2 . In addition, we may also understand the spin bordism group Ω Spin 3 (BZ 2 ) ∼ = Z 8 classification [84] of those fSPT in terms of three layers with three distinct Z 2 generators respectively through the extended group super-cohomology approach [81] [82] [83] . Comparing the cohomology group classification [82, 83] with a group G = Z 2 and Table 2 , we can deduce that the first H 3 (G, U (1)) = Z 2 group generates the bosonic Abelian CS theories for ν = 0, 4, the second H 2 (G, Z 2 ) = Z 2 group generates the fermionic Abelian spin CS theories for ν = 2, 6, and the third H 1 (G, Z 2 ) = Z 2 group generates fermionic non-Abelian spin TQFTs for ν = 1, 3, 5, 7.
3. Following the above comment, for the odd-ν non-Abelian spin TQFTs in Table 2 , we see that they are formed by a product of a bosonic and a spin TQFT sectors, each with opposite chiral central charges c − . The Ising TQFT and the SU (2) 2 CS both have anyon contents {1, σ, ψ}, while the p + ip superconductor and the SO(3) 1 CS have contents {1, f }. Here we identify the σ as the anyon created by the 't Hooft loop of Z 2 -gauge flux vison through our T xy matrix Eq. (97) . The ψ is the Bogoliubov fermion, and f is a fundamental fermion. The σ is a nonAbelian anyon created from the Z 2 -gauge flux. We can identify σ with a Majorana zero mode trapped at a half-quantum vortex of a dynamically gauged chiral p-wave superconductor [100] .
To recap, we should regard the ν = 1 class Z 2 -symmetric Topological Superconductor as stacking a p + ip superconductor and a p − ip superconductor together. More generally, we should regard the ν class fSPT as stacking ν copies of p + ip superconductors and p − ip superconductors. To obtain the spin TQFTs by gauging the fSPTs, naively we dynamically gauging the superconductor vortices in one sector of theory. More precisely, f is realized by equipping non-trivial spin structure on the complement of the loop. The theory of {1, σ, ψ} is related to {1, f } by dynamically gauging the Z 2 -flux, thus summing over the spin structures. The Z 2 -gauge flux traps the Majorana mode identified as the σ anyon. The pair of chiral central charges c − for two sectors of odd-ν theories are ( 2 ) for ν = 7, which satisfy a relation of ( ν 2 , − ν 2 ) up to mod 4. So the total chiral central charges is c − = 0 for each theory, as it supposed to be for a gauged fSPTs.
Comment on gauging and bosonization:
We like to make a further remark on the relation between SPTs and TQFTs.
By gauging, one may mean to probe SPTs by coupling the global symmetry to a background classical probe field. However, here in our context, in order to convert (short-range entangled) SPTs to (long-range entangled) TQFTs, we should further make the gauge field dynamical. Namely, in the field theory context, this means summing over all the classical gauge field configuration to define the path integral. This step is straightforward for bosonic theories in Sec. 2-7.
By bosonization, we mean summing over all the spin structures for a fermionic theory which turns it into a bosonic theory.
It is worthwhile to clarify the physics of gauging procedure and its relation to bosonization of the fermionic theories in Sec. 8. The background Z 2 gauge field of fSPTs in Sec. 8's Table 2 can be understood as the difference between spin structures for chiral and anti-chiral factors (i.e. p + ip and p − ip superconductors for ν = 1 of Table 2 ). By fixing a the spin structure for one of the chiral factors (say, p − ip), the summation over the background gauge field becomes equivalent to the summation over the spin structure for the other factor. In particular, in the ν = 1 case, gauging produces Ising × p − ip fTQFT or equivalently Ising × spin-Ising fTQFT. The case of other ν ∈ Z 8 classes is similar. One can verify that the quantum dimensions d J = N is consistent with an independent derivation in Ref. [22] based on quantum algebra (without using field theory).
In general, the spacetime braiding process of anyonic particle/string excitations, on a spatial sphere, in such a highly degenerate ground state Hilbert subspace (of a dimension of an order GSD ≈ (d J ) N insert ), would evolve the original state vector with an additional statistical unitary Berry matrix (thus, non-Abelian statistics).
Normally, the non-Abelian statistics for the non-Abelian anyons and non-Abelian strings for these theories are more difficult to compute, because the non-Abelian statistics require a matrix to characterize the changes of ground-state sectors. 
